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CLASSIFYING 2-GROUPS BY COCLASS

M. F. NEWMAN AND E. A. O’BRIEN

ABSTRACT. Now that the conjectures of Leedham-Green and Newman have
been proved, we probe deeper into the classification of p-groups using coclass.
We determine the pro-2-groups of coclass at most 3 and use these to classify
the 2-groups of coclass at most 3 into families. Using extensive computational
evidence, we make some detailed conjectures about the structure of these fam-
ilies. We also conjecture that the 2-groups of arbitrary fixed coclass exhibit
similar behaviour.

1. INTRODUCTION

The idea of classifying groups of prime-power order by coclass has proved to be
very fruitful. Recall that the coclass of a group of order p™ and class ¢ is n — c.

Leedham-Green & Newman (1980) made a detailed series of conjectures about
groups of prime-power order (p-groups) using coclass as the primary invariant.
Leedham-Green (1994) and Shalev (1994) have proved a number of important the-
orems as the culmination of the program of studying and confirming these conjec-
tures.

A feature of this program is to study pro-p-groups of finite coclass. A pro-p-group
of coclass r is an inverse limit of (an infinite chain of) finite p-groups of coclass r.
Leedham-Green, McKay & Plesken (1986a, 1986b) proved that, given a prime p
and a positive integer r, there are finitely many soluble pro-p-groups of coclass r
(Theorem E); a strengthened version of their result was proved by McKay (1994).
Shalev & Zel’'manov (1992) proved that pro-p-groups of finite coclass are soluble
(Theorem C). Hence there are finitely many pro-p-groups of coclass r.

Recall, from Leedham-Green & Newman (1980), that we can define a directed
graph G, on p-groups. Its vertices are all p-groups for a fixed prime p, one for
each isomorphism type, and its edges are the pairs (P, Q), with P isomorphic to
the quotient Q/7.(Q) where 7.(Q) is the last non-trivial term of the lower central
series of Q). If (P, Q) is an edge in G, then Q is an immediate descendant of P. We
say that R is a descendant of P if there is a (possibly empty) path from P to R
in G,. A group is capable if it has immediate descendants; otherwise it is terminal.
The descendant tree of P is the subgraph of its descendants. A group of class ¢ is
infinitely capable if it has descendants of all classes greater than c.

Received by the editors November 1, 1996.

1991 Mathematics Subject Classification. Primary 20D15; Secondary 20-04.

Key words and phrases. p-groups, pro-p-groups, coclass.

O’Brien was supported by the Alexander von Humboldt Foundation, Bonn, via a Research
Fellowship held at the Lehrstuhl D fiir Mathematik, RWTH Aachen, and by a Visiting Fellowship
at the School of Mathematical Sciences, Australian National University. We thank Rodney James,
C.R. Leedham-Green, and W. Plesken for helpful discussions.

©1999 American Mathematical Society

131



132 M. F. NEWMAN AND E. A. O’BRIEN

A finite p-group is coclass settled if all its descendants have the same coclass.
Shalev (1994, Corollary 4.4) has shown that the 2-groups of coclass r are coclass
settled by class 2712 and that, for p odd, the p-groups of coclass r are coclass settled
by class 2p”.

We can associate with each pro-p-group G of coclass r a family of finite p-groups
of coclass r in the following way. All the finite quotients of G have coclass at most
r. All but finitely many of these are coclass settled and have coclass r. Since there
are only finitely many pro-p-groups of coclass r, all but finitely many of the coclass
settled finite quotients are quotients of only one pro-p-group. These finite quotients
form an infinite chain. The family Fo associated with G is the tree of descendants
of the smallest group R¢g in the chain. We call Rg the root of the family. An
infinitely capable descendant of a root is mainline. It follows from Leedham-Green
(1994, Proposition 2.2) that all but finitely many p-groups of coclass r belong to
some family.

Descriptions are known for a small number of families. The unique family of
2-groups of coclass 1 is well-known: for n > 4, the number of isomorphism types
of order 2" is 3. In fact, there is exactly one family of p-groups of coclass 1 for
every prime p. Blackburn (1958) described this family for the prime 3: for n > 3,
the number of 3-groups of order 32"~! is 6 and of order 32" is 7. The family
of 5-groups of coclass 1 is conjecturally described by Newman (1990). It is clear
from Leedham-Green & McKay (1984) that the descriptions are more complex as
the prime increases. The 2-groups of coclass 2 have been studied by James (1975,
1983). His results — with corrections presented here — can be summarised as follows:
for n > 4, the number of 2-groups of coclass 2 and order 227~! is 29 and of order
227 ig 38. There is also unpublished work of Leedham-Green and Newman on the
structure of the families of 3-groups of coclass 2.

The results of Leedham-Green (1994) and Shalev (1994) suggest that the fam-
ilies of 2-groups of finite coclass will be easier to describe than the families for
odd primes. One formulation of Theorem A is the following: there exists a func-
tion f(p,r) such that every p-group P of coclass r has a normal subgroup A of
order bounded by f(p,r) and P/A is constructible. The constructible 2-groups are
mainline (from space groups).

Leedham-Green (1994, Definition 1.3) produced an internal criterion for a p-
group to be coclass settled. He introduced the notion of a finite p-group being settled
and proved that every settled group is coclass settled and that all descendants of a
settled group are settled.

For practical computational reasons, we use a variation of the lower central series
known as the lower exponent-p central series. This is the descending sequence of
subgroups

G=Py(GQ)>...>2Pi_1(G) > Pi(G) > ...

where P;(G) = [Pi—1(G),G]P;—1(G)? for i > 1. By direct analogy, we define
the lower exponent-p class and lower exponent-p coclass of G. A group of lower
exponent-p class ¢ has nilpotency class at most c¢. If both the nilpotency coclass
and lower exponent-p coclass of a p-group G are finite and G has sufficiently large
order, then the two coclasses are the same; see Theorem 6.1. We use the lower
exponent-p coclass of a p-group as a classification invariant and in the remainder
of the paper refer to lower exponent-p coclass simply as coclass.
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We now present a modification of settled which applies for lower exponent-p
coclass.

Definition 1.1. A p-group P of class ¢ is settled with respect to a normal subgroup
Py of order pt if

(a) all the P-invariant subgroups P, Ps, ... of Py are totally ordered by inclusion
where

Pl>P2>"'>Pt>Pt+1:E:Pt+2:...;

(b) (aP :x € P;) = P,y for some fixed positive s and for all ¢ > 1;
(C) Pt = Pc_l(P);
(d) (p—1)t > ps.

Our next result generalises Theorem 1.6 of Leedham-Green (1994); a proof is
given in Section 6.

Theorem 1.2. All the descendants of a settled group are settled and have the same
coclass.

There are examples of coclass settled groups which are not settled.

Armed with Theorem 1.2, we can now adapt the various notions introduced
earlier in the nilpotency context to the exponent-p coclass context. In particular,
we define the graph G, and its related concepts in terms of the lower exponent-p
central series. There are finitely many families of coclass r and all but finitely many
p-groups of coclass r belong to some family. We call the exceptions sporadic.

We illustrate these concepts by reference to the 2-groups of coclass 1. There
are two families of these groups. The first has root Co x C4 and two groups of
order 2" for every n > 4. The second, already mentioned above, has root Dg, the
dihedral group of order 8; we consider this family in Section 5.1. The only sporadic
2-generator 2-groups of coclass 1 are Cs x Cy and Qg, the quaternion group of order
8. The first of these is not coclass settled, the other has finitely many descendants.
There are sporadic groups which are both coclass settled and have infinitely many
descendants; they have more than one root as a descendant. The quotient of order
2% of the pro-2-group considered in Section 5.2 is such a group.

We report here on an extensive investigation of the 2-groups of coclass 3 and
prove that there are 70 such families; in Table 2 we identify 54 families which have
nilpotency coclass 3. (Unpublished work of James agrees with this.) We also include
results for the 2-groups of coclass 2. The computations which underpinned our
investigation were first carried out in 1986; our interpretation of them is influenced
by the recent results of Leedham-Green (1994) and Shalev (1994).

For each of the pro-2-groups, we have established that their 2-quotients of order
215 are settled. Theorem 1.2 now implies that all groups in the descendant tree
of each mainline group of order 2'° are coclass settled. Using our implementation
of the p-group generation algorithm, we have determined the tree of 2-groups of
coclass 3 as far as all groups of order 222 and in places well beyond that. Combining
this information, we obtain that all 2-groups of coclass 3 and order at least 20 are
coclass settled; there are groups of order 2° which are not coclass settled.

The descendant tree 7p of a p-group P is periodic if P has a proper descendant
@ such that 7y is isomorphic to 7p. The period of a periodic 7p is the least value
of log, (|Q|/|P|) and the descendant pattern of Tp is Tp — Tq.
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Our study suggests that each of the 70 families of 2-groups of coclass 3 has a
periodic tree structure. In 59 cases we conjecture that the descendant tree of the
root of the family is already periodic. For the remaining families, the conjectured
periodic behaviour is observable in the descendant tree of a mainline group of order
at most 23 greater than that of the root. For each family we define its periodic
root as the smallest infinitely capable descendant of the root whose descendant tree
is periodic. The roots of the families have order at most 2'' and the conjectured
periodic root has order at most 2'4. We conjecture that the period for each family
divides 4. There are 1782 sporadic 2-groups of coclass 3 and these have order at
most 24, Similar periodic behaviour is already known for the 2-groups of coclass
at most 2.

The (conjectured) descendant patterns for the families are presented in Appen-
dix B. In Section 5 we show how to verify these conjectures in two cases. It should
be possible to use similar arguments to deal with the remaining cases, although
the conjectured patterns make this a daunting prospect. Our proofs are effec-
tively applications of the p-group generation algorithm to groups of order 2™, for
arbitrary n. For details of the algorithm and terminology, we refer the reader to
O’Brien (1990). In an attempt to reduce some of the tedium inherent in such cal-
culations, we introduce the concept of a universal group for a family; this group
has all the groups in the family as quotients and is minimal with respect to this
property. Our conjectured descendant patterns imply the existence of a universal
group for each family.

We now formulate some more general conjectures arising from these observations.

Conjecture P. Fach family of 2-groups of coclass r has a periodic root R and R
has a descendant Q of order dividing 2"~ '|R| such that the descendant tree of Q is
isomorphic to the descendant tree of R.

A corollary to Conjecture P is that, for sufficiently large n, the number of iso-
morphism types of 2-groups of coclass at most r with order 2" is the same as the
number with order 272" (see Problem 27 of Shalev, 1995).

Conjecture Q. All 2-groups of coclass r and order 22" gre (coclass) settled.

Conjecture R. The periodic roots of the families of 2-groups of coclass r have

r+1
order at most 22" .

Conjecture S. All sporadic 2-groups of coclass v have order at most 227"

We do not expect that the conjectures hold in this form for odd primes. A
more complex notion of periodicity is conjectured for the 5-groups of coclass 1 by
Newman (1990); detailed conjectures for odd primes are formulated by Schneider
(1997).

Leedham-Green (1994) proved that all but a finite number of 2-groups P of
coclass r have a normal subgroup A of order at most 22771 (27 +143) guch that P/A
is mainline. Shalev (1995, Problem 26) asked for explicit bounds on the order of A.
It is easy to construct examples of 2-groups of coclass » where A has order 22"
For the 2-groups of coclass 1 and 2, the precise bounds are 2 and 4 respectively. The
conjectures presented in Appendix B imply that an upper bound for the 2-groups
of coclass 3 is 64; Family #19 has groups where A has order 64.
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In order to provide access to our classification of the 2-groups of coclass at most
3, we have prepared an electronic file containing the presentations for the pro-2-
groups. These presentations may be used in GAP (Schonert et al., 1997) or MAGMA
(Bosma & Cannon, 1997) to obtain power-commutator presentations for the root
of each family or for larger (mainline) 2-quotients. Our implementation of the p-
group generation algorithm can be used in either system to generate parts of the
associated trees.

The structure of the paper is as follows. In Section 2 we show that there are 82
pro-2-groups of coclass at most 3 and in Appendix A list explicit pro-2 presentations
for these. In Section 3 we summarise results for the 2-groups of coclass 2. In Section
4 we conjecture that there is a periodic tree description for each coclass 3 family.
The (conjectured) descendant patterns are presented in Appendix B. In Section
5 we show how to verify these patterns in two cases. Finally we provide a brief
description and references for the computational tools used in our investigation.

2. THE PRO-2-GROUPS OF COCLASS AT MOST 3

We know there are finitely many pro-p-groups of coclass r and they are soluble.
On the basis of this we can, in theory, determine (write down pro-p presentations
for) all the pro-p-groups of coclass r. We will show how to do this for pro-2-groups
of coclass at most 3 and hence prove the following result.

Theorem 2.1. There are 82 pro-2-groups of coclass at most 3.

The statement and proof of the following lemma are modelled on Leedham-Green
& Newman (1980, (6) and (9)).

Lemma 2.2. A finitely generated pro-p-group of coclass r is either a central exten-
ston of a cyclic subgroup of order p by a pro-p-group of coclass r — 1 or a uniserial
p-adic space group.

Proof. Let G be a pro-p-group of coclass r and let
G=Py(GQ)>...>2Pi_1(G) > Pi(G) > ...

be its lower exponent-p central series. Let u be the least positive integer such
that |G/P,(G)| = p“*" and let K be a non-trivial normal subgroup of G which
lies in Py (G). Then K < P,(G) and K £ Pyy1(G) for some v > u. Hence
KP;(G) =P,(G) for all j > v. It follows that a finite normal subgroup of G avoids
Pu(G), has p-power order and contains a normal subgroup L of order p. Moreover
G/L is a pro-p-group of coclass » — 1. If G has no non-trivial normal subgroup
of finite order, then an argument of Leedham-Green & Newman (1980, (9)), with
minor changes, applies to show that G is a uniserial p-adic space group. O

Using Lemma 2.2, we can now determine the pro-2-groups of coclass at most 3
up to isomorphism. Such a group is either a 2-adic space group of coclass at most
3 or a central extension of a cyclic group of order 2 by a pro-2-group of coclass at
most 2.

McKay (1994) shows that the coclass of a uniserial p-adic space group of dimen-
sion p(T_l)(p — 1) is at least . Hence we only need to consider uniserial 2-adic
space groups of ranks 1, 2 and 4.

Brown et al. (1978) described the space groups of dimensions 2, 3 and 4. Finken
(1979) determined the 2-uniserial space groups among these. Another description
of the space groups of rank 2 can be found in Lyndon (1985, Chapter 4).
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The group of 2-adic integers Zs is the unique uniserial 2-adic group of coclass 0.

The direct product of a cyclic group of order 2 with Zs is the only pro-2-group
of coclass 1 which arises as a central extension of a cyclic group of order 2. The
only uniserial 2-adic space group of coclass 1 is the pro-2 completion of the infinite
dihedral group and has pro-2 presentation

{t,a : a®* =1, ata™* =t71}.

Finken (1979) determined the two 2-uniserial space groups of coclass 2 and rank
2. The other pro-2-groups of coclass 2 are extensions of a cyclic group of order 2
by a pro-2-group of coclass 1. In total, there are 9 pro-2-groups of coclass 2.

It follows from Leedham-Green & Plesken (1986, Theorem IV.4 and IV.5(iv))
that the uniserial 2-adic space groups of rank 4 are completions of 2-uniserial space
groups, or have point group Q16. Finken (1979) determined the 20 2-uniserial space
groups of rank 4 and coclass 3 and the one 2-uniserial space group of rank 2 and
coclass 3. Tt can be deduced from McKay (1994) that there is exactly one uniserial
2-adic space group of rank 4 and coclass 3 whose point group is (14; this group is
non-split and can be obtained as a subgroup of index 2 in the corresponding split
extension which has coclass 4. A 4-dimensional matrix representation for Q14 over
the 2-adic integers was provided by Leedham-Green, McKay & Plesken (1986D).
Using the matrices, we can write down a pro-2 presentation for the split group.
Successive 2-adic approximations to v/—39 can now be used to obtain presentations
for arbitrarily large mainline 2-quotients of the coclass 3 space group.

For each of the 9 pro-2-groups of coclass 2, it is easy to write down pro-2 presen-
tations for the relevant extensions. As one example, we consider the case of central
extensions G of a cyclic group L of order 2 by the group having pro-2 presentation

{a,t,u @ [u,t]=1,[u,a] =1,u* =1,a®> = 1,ata™ ' ="'},
The largest finite normal subgroup M of G is either Cy x Cy or C4. The centraliser
C of M in GG has index 1 or 2. In the case when M is Cy x (3 and C has index

2 and C/L is the translation subgroup of G/L, it suffices to consider the pro-2
presentations

{a,t,u,v 0w =0% =[u,v] = 1, [u,t] = [v,t] = 1,
[v,a] = 1,[u,a] = v,ata™" =t~ WPv7, a0 = v}
where each of o, # and v is 0 or 1. Considering a?ta~2 shows that 3 = 0. Replacing
t by tu” and a by au® shows that we can take o = v = 0. Hence one presentation
suffices in this case.
In this way, it is straightforward to reduce the resulting list to 82 presentations.

The pairwise non-isomorphism of these 82 groups has been checked by showing the
class 11 2-quotients are all different.

TABLE 1. Pro-2-groups by rank and coclass

Coclass | Rank 1~ | Rank 1 | Rank 2 | Rank 4 | Total
0 1 1
1 1 1 2
2 4 3 2 9
3 16 18 15 21 70




CLASSIFYING 2-GROUPS BY COCLASS 137

Table 1 provides a summary of the numbers of pro-2-groups by coclass and rank.
Those which are extensions by Zs are nilpotent; the others have nilpotency coclass
as shown (see Theorem 6.1). To distinguish between these, we say that the pro-2-
groups obtained as extensions by Zg have rank 17.

In Table 2 we summarise some properties of the 82 pro-2-groups. For each pro-
2-group G, we record its coclass and rank; d is its minimal number of generators;
|Rc| is the order of the root for its associated family. We partially identify G by
naming its associated uniserial 2-adic space group and the isomorphism type of the
largest finite normal subgroup M of G. Note that G is just infinite if and only if M,
its hyper-centre, is trivial. The uniserial 2-adic space group of coclass 1 and rank
1 is labelled D; the uniserial 2-adic space group of coclass 3 with point group Q1
is labelled Q; the others are labelled following the notation of Brown et al. (1978).

Our numbering of the pro-2-groups has no special significance and reflects the
sequence in which portions of the descendant trees were generated using our imple-
mentation of the p-group generation algorithm.

3. THE 2-GROUPS OF COCLASS 2

The 2-groups of nilpotency coclass 2 were studied by James (1975, 1983). We
have found an additional problem with one family of his revised list and present a
new determination of this family in Section 5.2.

We now summarise our results for the 2-groups of coclass 2. The associated trees
for the 9 pro-2-groups of coclass 2 have roots of order dividing 2°. The descendant
trees of the roots are periodic and have periods dividing 2. The class 4 2-quotients
are coclass settled and there are 23 sporadic groups. The number of isomorphism
types for the 2-groups of coclass 2 and order at least 2" for n > 7 is given in Table 3.

4. THE 2-GROUPS OF COCLASS 3

We now state precise conjectures for the 2-groups of coclass 3 and in Appendix
B provide evidence for these.

Conjecture 4.1. Fach of the 70 families of 2-groups of coclass 3 has a periodic
root of order at most 2'4 and each period divides 4.

Conjecture 4.2. For n > 17, the number of isomorphism types of 2-groups of
coclass 3 and order 2"* is the same as the number of order 2.

Conjecture 4.3. The number of isomorphism types for the 2-groups of coclass 3
and order at least 2™ for n > 17 is given in Table 4.

Since we have constructed the tree of all 2-groups of coclass 3 up to 223, Con-
jectures 4.2 and 4.3 are theorems for n < 19. We also have the following result.

Theorem 4.4. There are 1782 sporadic 2-groups of coclass 3 and these have order
at most 2.

5. THREE FAMILIES

In Appendix B we present conjectured descendant patterns for each of the 70
families of 2-groups of coclass 3; we also list the descendant patterns for the 12 fam-
ilies of 2-groups of coclass at most 2. We present three examples here to illustrate
how these tables are interpreted and for two of these verify their correctness.
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TABLE 2. Summary information for the pro-2-groups

Family | Coclass Rank d | logs |Rg| | 2-adic space group M
0 0 1~ 1 1 Zo C1
1 1 1~ 2 3 Zo Ca
2 1 1 2 3 D C1
3 2 1~ 2 5 Zo Cy
4 3 1~ 2 7 Zs Cg
5 3 1~ 2 7 Zo Cs
6 2 1= | 2 5 Z Co x Co
7 2 2 2 6 3/2/1/2 &
8 2 2 2 6 3/1/1/1 &
9 2 1 2 5 D Co
10 3 1~ 2 7 Zo Cy x Oy x Co
11 3 4 2 11 32/13/3/2 C1
12 3 4 2 11 32/7/2/3 C1
13 3 4 2 10 32/2/2/2 C
14 3 4 2 10 26/1/1/1 &
15 3 4 2 10 32/13/3/4 C1
16 3 4 2 10 32/13/3/5 C1
17 3 4 2 10 32/7/1/3 C1
18 3 2 2 8 3/2/1/2 Co
19 3 4 2 9 32/2/1/2 C1
20 3 4 2 9 32/7/2/4 C1
21 3 2 2 7 3/1/1/1 Co
22 3 1~ 2 7 Zo Co x Oy
23 3 2 2 7 3/1/1/1 Co
24 3 2 2 7 3/2/1/2 Co
25 3 1~ 2 7 Zs Dg
26 3 1 2 7 D Cy
27 3 1~ 2 6 Zo Qg
28 3 4 2 9 32/13/2/5 C1
29 3 4 2 11 32/15/2/3 C1
30 3 4 2 11 32/13/4/4 C1
31 3 4 2 11 32/8/2/4 C1
32 3 4 2 10 32/3/2/2 C1
33 3 4 2 10 26/2/1/2 C1
34 3 4 2 11 32/15/2/2 C
35 3 4 2 11 32/13/4/3 C1
36 3 2 2 8 3/1/1/1 Co
37 3 2 2 8 3/2/1/2 Co
38 3 2 2 7 3/2/1/2 Co
39 3 1 2 7 D Ca x Co
40 3 4 2 9 32/13/2/2 C1
41 3 4 2 10 32/8/2/3 C1
42 3 4 2 10 Q C1
43 3 4 2 9 32/3/1/2 C1
44 3 2 2 8 3/2/1/2 Co
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TABLE 2. (CONTINUED)

Family | Coclass Rank d | logy |Rc| | 2-adic space group M
45 3 2 2 8 3/1/1/1 Ca
46 3 2 2 7 3/2/1/2 Ca
47 3 1 2 7 D Cy
48 3 1 2 6 D Cy
49 2 1~ 2 5 Za Cy
50 2 1 2 5 D Ca
51 3 1- 2 7 Zo Cs
52 3 1- 2 7 Zo Cs
53 3 1 2 7 D Cy
54 3 1~ 2 6 Zo Co x Cy
55 3 1 2 6 D Ca x C2
56 3 2 2 7 3/2/1/2 Co
57 3 2 2 7 3/1/1/1 Co
58 2 1~ 3 4 Zo Cy x Oy
59 2 1 3 4 D Ca
60 3 1~ 3 6 Zo Cy x Oy
61 3 1~ 3 6 Lo Co x Cg x Co
62 3 2 3 7 3/2/1/2 Ca
63 3 2 3 7 3/1/1/1 Co
64 3 1 3 6 D Ca x C2
65 3 1~ 3 6 Zo Cy x Oy
66 3 1 3 6 D Ca x C2
67 3 1~ 3 5 Zo Cy x Oy
68 3 1- 3 6 Za Dg
69 3 1 3 6 D Cy
70 3 1= 3 5 Za Qs
71 3 1 3 6 D Ca x C2
72 3 2 3 6 3/2/1/1 C1
73 3 1 3 6 D Cy
74 3 1 3 6 D Ca x C2
75 3 1 3 5 D Cy
76 3 1 3 5 D Ca x C2
7 3 1 3 5 D Cy
78 3 1 3 6 D Cy
79 3 1 3 5 D Cy
80 3 1~ 4 5 Zo Cy x Cy x Co
81 3 1 4 5 D Ca x C2

139

5.1. A coclass 1 family. Here, we consider the family of 2-groups of nilpotency
coclass 1. The groups are, of course, well-known: the dihedral, quaternion, and
semi-dihedral groups. (Our determination is intended to illustrate the general ap-
proach, not to replace existing treatments.) The corresponding limit group is the
pro-2 completion D of the infinite dihedral group and has pro-2 presentation

{t,a : a®* =1, ata™* =t71}.
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TABLE 3. Number of isomorphism types for m > 4

Order Number
22m— 1 40
22m 49

TABLE 4. Conjectured number of isomorphism types for m > 4

Order Number
g4m+1 2504
94m+2 2568
24m+3 8632
g4m+4 1532
L
2

FIGURE 1. The descendant pattern for Family #2

TABLE 5. Family #2 with root order 23

Order | Structure
2n+1 3/1

The root, Rg, is the dihedral group of order 8 and the structure of Fg can be
visualised from Figure 1. This picture can be summarised by Table 5. In this case,
the mainline group of order 2", for n > 3, has three immediate descendants of order
27+1 one of which is capable and is the mainline group of order 2"1; denoted 3/1.

Our proof for this descendant tree is inductive on n > 3. We assume that the
mainline group M of order 2" has power-commutator presentation

{ar,...;an : az,a1] = a3, [ak, a1] = [ak, a2] = ar41,

2 2
ap = ap+10k4+2,3 <k <n-—1,a._, =an}

where all relations whose right-hand sides are trivial are not shown. We verify this
claim for n = 3 by inspecting the power-commutator presentation computed using
the p-quotient algorithm for the class 2 2-quotient of the limit group.

We also assume that a generating set for a supplement to the inner automorphism
group of M in the full automorphism group is the following:

a7 al — a2, O: al —  ai
as +—— a1 a2 FH— Q2042

where k = 2,... ,n — 2. Again, this hypothesis for n = 3 is readily verified.
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We now determine the immediate descendants of M. Its 2-covering group has
power-commutator presentation

{ai,... ,Gn,Gni1,Gny2,Gnes  :  |az,a1] = az,a® = api2,03 = anos,
lak, a1] = [ag, az] = ag41,
a; = ak+1a2’f:22,3 <k<n}
where
e-—{ 1 ifi<n+1,
*7 1 0 otherwise.
The consistency of this presentation can be proved using the algorithm described
in Sims (1994, Chapter 9).
We now compute the extensions of the automorphisms of M to its 2-covering
group. The action of each oy on a;, where 3 < j < n, is:
€jtk
j+k
Their extensions act trivially on the 2-multiplicator of M and play no further role
in the computation. The action of o1 on aj, where 3 < j < n, is:

a; — aja

a; F—— G;a541.

Hence the matrix representing the action of oy on the 2-multiplicator of M is:

100
0 01
0 1 0

The four allowable subgroups have generating sets

{a  1ant2, 0], anis}

where each of § and v is 0 or 1. We label these subgroups from 1 to 4 as usual.
The extension of o1 permutes these subgroups as (2,3). The resulting 3 orbits,
which correspond to distinct isomorphism types, have representatives 1,2 and 4.
We can show that the first of these determines a capable group which has power-
commutator presentation and automorphism description like that presented above;
hence this group is the mainline group of order 2"T1. We can also show that the
other two descendants are terminal. Hence M has 3/1 descendants.

5.2. A coclass 2 family. Here we present a new determination of the family which
was incorrectly determined by James (1983). The limit group is Zs X Zs split by
Cy acting uniserially and has pro-2 presentation

{t,a : a*=1, (ta®)* =1, [t,t"] = 1}.

TABLE 6. Family #8 with root order 26

Order | Structure
22m+1 6/2
272672 [ 4 | e
22m+3 3

The root, Rg, has order 64 and the structure of Fg can be visualised from
Figure 2. This picture can be summarised by Table 6. In this case, the mainline
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3

F1GURE 2. The descendant pattern for Family #8

group of order 2", for n even and at least 6, has six immediate descendants of
order 2”1, two of which are capable. One of the two capable groups has six
immediate descendants of order 2"%2, of which two are capable, and the other
has four immediate descendants which are terminal. Of the two capable groups
of order 2"*2, one has the same descendant structure as the root; the other has
three immediate descendants which are terminal. The o at level 22+2 in Table 6
indicates that the period is 2.

Our proof for this descendant tree is inductive on n for n = 2m, where m > 3. We
assume that the mainline group M of order 2" has power-commutator presentation

{ai,...,an : a3 =laz,a1],a4 = a3, a5 = [az,a1],
las, az] = apazas, [as, az] = asae, [a4, az] = agar,
ak+1 = [ak,a1],5 <k <n-—1,
ag = agar,a; = ak+2a;’f;, 5<k<n-2,

[ak, as] = [ak,aq4] = ak+2a;’f§a2’$f, 5<k<n-2}

where a, 11 and a,42 are read as the identity, and

o 1 ifi <n,
%=1 0 otherwise.

We verify this claim for n = 6 by inspecting the power-commutator presentation
computed using the p-quotient algorithm for the class 4 2-quotient of the limit
group.

We also assume that a generating set for a supplement to the inner automorphism
group of M in the full automorphism group is the following;:

Qg a; +F—— a1a4 , Qg: a; +=—— ajasasz, o : ay +=—— a1
Az FH— a2 Az F— (205 Az F—  G20k+3

where k = 3,... ,n — 3. Again, this hypothesis for n = 6 can be readily verified.
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We now determine the immediate descendants of M. The 2-covering group of
M has power-commutator presentation
{ai, ... ,GnyQny1,s. . Gnia a3 = [ag,a1],a4 = a}, a5 = [a3, a1, [as, a3] = agar,
CL% = An+4, CL% = Aa70n+2, aﬁ = An+3,
las, az] = aarasani2, (a4, az] = asasan+2,
ak+1 = [ag, a1],5 <k <n,
ai = apy20,y,5 <k <n—1,
[ak, az] = [ak,aq] = ak+2a;’f§a2’ff, 5<k<n-1}
where

1 fi<n4d,
%=1 0 otherwise.

The consistency of this presentation can be proved using the algorithm described
in Sims (1994, Chapter 9).

An alternative approach to proving that the above presentation is consistent is
to write down a universal group for this family. Since we make no use here of the
defining property of the universal group — namely, that all groups in the family are
quotients of it — we do not establish this claim. This group can be used to simplify
other details of our proof. It is obtained as the direct product of the limit group
with

{t,a : a® =1, (ta®)* =1, [(ta®)?,a,t] =1, t* =1, [t,a,a] = 1},
amalgamating the common quotient defined by
{t,a : a* =1, (ta®)? =1, [t,t"] =1, t* = 1}.

See Huppert (1967, p. 50) for details of such constructions; they are labelled diag-
onal products by Conway et al. (1985).

We now compute the extensions of the automorphisms of M to its 2-covering
group. The extensions of a3 to au,—3 act trivially on the 2-multiplicator of M and
play no further role in the computation. Under the action of aj,

az rF— a3050p42

ay +FH— Q40p43.
The action of oy on the generators as, ... ,a, is:

A4k+1  —  Q4k+104k+304k+404k+5
Qak+2 = Q4k4+204k+304k+4
Qak+3 —— Q4k+3
Q4k4+4 "  Q4k+404k+5
where k£ > 1 and a; occurs in the image only if ¢ < n + 1. Hence the extended
automorphism again induces the identity on the 2-multiplicator of M. Finally,
consider the action of as:
az +=— asaesay
as FH— 0304050708090 5n 420044

a5 F—— (a506a7090100110n+2-
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Its action on the generators ag, . .. ,a, is:

Q4k—2 = QA4k—204k4+2

A4k—1 A4k—104k04k+304k+4

—
A4k  —— QA4k04k+204k+3

Q4k+1 Y A4k4104k4-204k+304k+504k+6A4k+T

where k£ > 2 and again a; occurs in the image of a generator only if i < n+ 1. The
matrix representing the action of ay on the 2-multiplicator of M is:

10 0 0
01 0 0
0 110
0 0 01

The eight allowable subgroups have generating sets

5 Y »
{an+1an+2 » A1 0n+3, an+1an+4}

where each of §,7,1 is 0 or 1. We label these subgroups from 1 to 8 as usual. The
extension of as permutes these subgroups as (2,4)(6,8). The resulting 6 orbits,
which correspond to distinct isomorphism types, have representatives 1,2,3,5,6
and 7. It can be shown, using the universal group, that the first and fourth of these
determine capable groups. All of the others can be shown to be terminal. Thus the
mainline group has 6/2 immediate descendants.

The first of these capable groups is the mainline group of order 2"*+! — it has
power-commutator presentation and automorphism description like that presented
above.

We factor the allowable subgroup

<an+2 y An+43, An+41 an+4>

from the 2-covering group of M to give the second group, Q say, of order 2711,
The power-commutator presentation for the 2-covering group of @ has generating

set {a1,...,an+1,0n42,. .. ,an+5} and its relations coincide with those for the 2-

covering group of the mainline group of order 2"*! except for the following:

l[as,a2] = as506an420n+3
2
Gy =  Gp410n+5
2
az = G6A70n+20n+3.

It can also be shown that a generating set for a supplement to the inner automor-
phism group of @ is the same as that for the mainline group.

We now determine the immediate descendants of Q. Again, the automorphisms,
Qs, ... ,Qn_9, act trivially on the 2-multiplicator of Q. The extension of a; acts as:

az +——  a3050p420n43
ay ——  (40n44;

its action on the generators as,...,a,+1 is the same as that described for the
mainline group. Therefore,

_— Gpt10n+2  if n+ 1 even,
nt Gpt1 n+ 1 odd.
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Hence, if n + 1 is even, the automorphism matrix is

10 0 0
01 00
0 01 0
1 0 0 1

and it permutes the allowable subgroups as (1,5)(2,6)(3,7)(4,8). If n+ 1 is odd,
the extended automorphism induces the identity.
The extension of ag acts as:
a3 +—— asagQry
a4y +—  a304050708090n10n420n+30n+5
as F—  A5Aea7094100110n+3;

its action on the generators ag,...,an+1 is the same as that described for the
mainline group. Therefore,

Gpt1 if n + 1 even,

a —
ntl { Ap+1Gny2, 1+ 1 odd.

Hence, if n + 1 is even, the automorphism matrix is

10 00
01 00
1110
0 0 01

and it permutes the allowable subgroups as (1,3)(5,7). If n + 1 is odd, the auto-
morphism matrix is

10 0 0
01 0 0
1110
1 0 0 1

and it permutes the allowable subgroups as (1,7)(2,6)(3,5)(4, 8).

If n 4+ 1 is even, the allowable subgroups are permuted by (1,5)(2,6)(3,7)(4,8)
and (1,3)(5,7); hence there are three orbits with representatives 1,2 and 4. If
n+ 1 is odd, the allowable subgroups are permuted as (1,7)(2,6)(3,5)(4, 8); hence
there are four orbits with representatives 1,2,3 and 4. It can be shown that all
resulting groups are terminal. Thus the non-mainline capable group has 4/0 or 3/0
immediate descendants.

5.3. A coclass 3 family. Here is a pro-2 presentation for the limit group associ-
ated with Family #43.
{ti,to,ts,ta,a,b = [tr,to] = [t ts] = [tr, ta] = [ta, t3] = [t2, ta] = [t3,ta] = 1,
a®=1,b%=t4,a b taba® = tl_ltgtgl,
atia™! = ty,atea”t = t;l, atza™' =ty atga”! = ty,
btrb™t =ty bt =t btgb Tt = 15t bt =t}

The root, Rg, has order 2°. We conjecture that the periodic root has order 212,
that the period is 2, and that the structure of F can be summarised by Table 7.
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TABLE 7. Family #43 with periodic root order 2'2

Order Structure
2n+1 6/4
on+2 414/4|4/4 4| e
2nt3 13/2 6 316/413[3/2|6
on+id 2 2 2 212 2122

6. PROOFS

Theorem 6.1. A p-group G with nilpotency coclass r and order at least p¥? " has
lower exponent-p coclass r.

Proof. Let v, denote the m-th term of the lower central series of G and let Py,
denote the m-th term of the lower exponent-p central series of G. So, G = v; = Pp.
Recall that Pp, = Ym+172, - - .’yfm (Huppert & Blackburn, 1982, VIII.1.5). From
Shalev (1994, Proposition 4.5), there is a normal subgroup T of G with index at
most p® T~ 50 that all of the non-trivial factors of the series

T>[T,G >...>[T,iG >T,i+ 1G] > ...
have order p. There is an n < p®" such that 7, AP _,... allliein T. We prove that

k
Pn—1 = n by showing that 4, <, for kin {1,... ,n —1}. Clearly 72 < v,,41.
So [v?_1,G] < [vn, G] and hence v¥_; < ~,,. An easy induction on k gives the rest.
It follows that G has lower exponent-p coclass r. O

Theorem 1.2. All the descendants of a settled group are settled and have the same
coclass.

Proof. Let P be a settled p-group as in Definition 1.1. It follows from the definition
that s <t < p(t — s).

Let @ be an immediate descendant of P, let o be the natural projection of @
onto P, and let @); be the complete inverse image of P; for 1 <i <t+land Q; = F
otherwise. We show that @ is settled with respect to Q1.

We prove by induction on w in {1,...,s} that Q¢—,2 has exponent p. If u =1,
this is obvious. For u > 1, we have [P;_y41, P] = P;_y42 since [P,_yy1, PIPF_,
equals P;_,42 by uniseriality, and P/_, ; = E. It follows that [Q;—ut1, Q]Q¢41
equals Q¢—yt2. For h € Qi—y11 and x € Q we get [h,z]? = [hP, x| by the usual
expansion because p(t — s) > t, and the result follows.

Second, we prove that Q¢_sy1 has exponent p?. Clearly Q¢_s41 has exponent
dividing p?; we prove that its exponent is not p. By definition, Q11 = [Q:, QQY.
If QY # E, the result follows. Otherwise, Qt+1 = [Q+, Q]. There exists h € Qs
with h? € Q; — Q++1. Hence there exists € Q with [hP,z] # 1, so [h,z]? # 1 and
[h, 7] € Qt—s41-

Finally, we prove that Q41 has order p. The argument above shows that Q% _ 1
has order p. This holds for every immediate descendant of P. So (Q4—s4+1 does not
lie in any proper normal subgroup of Q¢+1. Therefore ;41 has order p. O

7. COMPUTATIONAL TOOLS

As already indicated, our conjectures rely on extensive computations. Here we
summarise the computational tools used and provide appropriate references.
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Central to our investigation was the ANU p-Quotient Program, which offers
access to implementations of the following:

e The p-quotient algorithm: it computes power-commutator presentations for
p-quotients of finitely-presented groups. For further details, see Newman &
O’Brien (1996).

e The p-group generation algorithm: it generates the descendants of a p-group.
For further details, see Newman (1977) and O’Brien (1990).

e The standard presentation algorithm: it computes a canonical or standard
presentation for a p-group, thereby providing a practical solution to the iso-
morphism problem for p-groups. For further details, see O’Brien (1994).

For a detailed description of the program, see Newman & O’Brien (1996). Our
implementations of these algorithms are also available in GAP and MAGMA. The
calculations reported here can be performed using completely routine resources.

APPENDIX A. PRESENTATIONS FOR THE PRO-2-GROUPS

We list pro-2 presentations for the 82 pro-2-groups of coclass at most 3. Our
presentations for the uniserial 2-adic space groups of rank dividing 4 are taken from
Finken (1979). Much of the work in writing down the presentations for the remain-
ing pro-2-groups was done by Michael Burns while holding a Vacation Scholarship
at the Australian National University.

0. {t [}
1. {t,u | w?=1, t~lut =u }
2. {t,a | a®=1, ata™l =t"1}
3. {tu | out =1, t~lut =u }
4. { t,u | ow® =1, t~lut =u }
5 {tu | u® =1, t~lut =ub }
6. {t,u,v | u? =1, v =1,

[u, v] =1, t™ ut = u,

7. {tl,tg,a7b,c ‘ [t1,t2]:1,
a? =1, b? = q,
c? =tq, b~ le theaT! = to,
atia”t :tfl7 atoa™t _tgl,
bt1b~ L = to, btob™t =71,
ctic™t = tq, ctac™! = t;l }
8. {tl,tg,a7b I [t17t2]:1,
a? =1, b2 =a,
atia”! = tfl, atza”t = t;l,
bt1b~ L = to, btob™t =t7' }
9. {t,a,u | [u,t] =1, [u,a] =1,
uw? =1, a2 =
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10. { t,u,v,w

11. { t1,t2,t3,t4,0a,b,¢,d

12. { t1,t2,t3,t4,0a,b,c

13. { t1,ta,t3,ta,a,b

14. { t1,t2,t3,ts,0a

15. { t1,ta,ts,ta,a,b,c,d
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u? = 1,
w? = 1,
[v,w] =1,

tlut = u,
t~lwt = uv }

v? = 1,

[u,v] =1,
[w,u] =1,
tlot = w,

t1,ta] = [t1,t3] = [t1,ta] = [t2, t3] = [t2, ta] = [t3,ta] = 1,

a v laba"t = tsty,

a"ld lada % te7 ! = t;ltgltgl

b~ 'd " tbd =1,
atra”t =ty 3 et
atza”t =t7 3t
bt1b71 =t1,

btsb~t =t3 ;T
Ct1671 = t1t4,
Ct3671 = t3t4,
dt1d71 =11,

dtsd™ ! = tq,

b2 =1,

a2 =1,

a te taca b = t;ltgltgl
bl the = t;ltg,

c a7 tedb™ =1,

atga™t =31t

atw*ll = t§§4, )

btob™t =ty et

bt4b71 = ta,

ctoc™t = t;l,

ctact =t51,

dt2d71 =13

dtad= ' =14 }

[t1,t2] = [t1,ts] = [t1,ta] = [t2,t3] = [t2, ta] = [t3,t4] = 1,

a® = 1,
? = ti1tsta,

b? = t4,

a " te taca 4T = t;1t2t3t;1,
atra™t =ty ez et
atza™t =7 ez et

b’lc’llbc = tlgltlst;l,
atea” " =ty t, -,
atia”t = t3tg,

bt1b71 =1,
btsb™t =13t
Ct1071 = t1t4,
Ct3071 = t3t4,

{t81,t2] = [t1,ts] = [t1,ta] = [t2, t3] = [

a® =1,

a b laba=t = tsty,
atia”t =ty 3 et
atza™t =t; Mg eyt

]
a® =1,
atia”t = tZl,
atza = ta,

8

S
|

c? = titsty,
a b laba=t = tstq,

a ld lada= %" te7 ! = t;ltglt

b~ td " tbd = 1,
atra”t =ty Mty tert,
atsa”t =t; ey tegt
bt1b™ ! = tq,

btsb~t =tz ",
Ct1071 = t1t4,
Ct3071 = t3t4,
dtrd™ = tq,
dt3d71 = ta,

)

btob™t =ttt
bt4b71 = t4,
ct2071 =ty
ctae™t =71}

1

to, ta] = [t3,ta] =1,
b2

=1,

atoa”t =tz et
atia”t = t3t4,
btob™! =ty 't
bt4b71 =t4 }

at2a71 = tl,
at4a71 =3 }

[tl,tz] = [tl,tg] = [tl,t4] = [t2,t3] = [t2,t4]2: [tg,t4] =1,

=1,

d? = t4,

a " te taca 4T = t;ltgltll
bl he = t;ltg,

ctd 7 tedb T = ty,

ataa™t =300,

atsa™! = t3ta,

btgb’i =ty g,

btab~ ! = ty,

ct2c71 =t

ct4c71 = 152717

dtod™! = t43, 7

dt4d71 =t4 }
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16. {t17t2,t3,t47a,b,c7d I t17t2]:[t17t3]:[tl,t4]:[t2,t3]:[t2,t4]:[t37t4]:1,
a8 = 1, b2 = t4,
c? = titsty, d? = tq,
a v labat = ta, a e taca b = t;ltgt;
a 'd tada" bt :t;l, bilcflbc:tgltgtgl,
b~'d " 'bd = 1, ¢l edb™ =t
atra”t =ty 3 et atga™t =3t
atza”t =t7 M et atsa”' = t2t4,
bt b7t =ty btob™t =ty et
btsb~t =t3 ;T btab™t = ty,
ctrc™t = tity, ctoc™! =51,
ctge™t = tsty, ctact =t
dtpd™ =t1, dtad~" = tg
dtsd™ ! = tq, dtad= ' =14 }
17. {t17t2,t3,t47a,b,c I [t17t2]:[t17t3]:[t17t4]:[tg,tg]:[tz,t4]:[t3,t4]:1,
IIS:l, b2:t1t2,
? =1, a b taba™ = tflt;1t4,
a tetaca™ b = t;ltgltgtgl, b~ le the =1,
atia”! = t;l, atea”! = ts,
atsa” ! :tfl, atya”t :t;l,
bt1b~! =ty btab~t = ta,
btsb™t =t btab~t =t
Ct1071 :tz, Ct2071 :tl
ctsc™t = ty, ctac™! = tg }
18. { t1,ta2,b,c,u | w?=1, bt1b~ ! = to
[tl,u]:l, [t2,u]:1,
[b,u] =1, le,u] =1,
02:t1, Ctlcilztl,
bt = u, bl theb™? = to,
btab~ !t = tflu, ctac™! = t;lu }
19. { t1,ta,ts,t4,a,b | [t1,t2] = [t1,t3] = [t1, ta] = [t2,ts] = [t2,ta] = [ts,ta] = 1,
a8 = 1, b2 = t1t2,
a b taba™t = tfltgltg,
atia” ! = t;l, atya” ! = Zl,
at3a71 = t;l, atia”l = t1,
bt1b~ ! = tq, btab™ ! = to,
btsb™t =t btab~t =t}
20. {tl,tg,t3,t4,a,b,c | [tsl,tz]:[tl,tg]:[tl,t4]:[tz,t3]:[t2,t4]2:[t3,t4]:1,
a® =1, b =1,
= t1tsta, a ‘b taba"t = tata,
a ‘e taca™ bt :t;ltzl, bilcflbc:tgltg,
atra™t =ty ez et ataa™t =t3 0,
atza™t =ttty et atsa”t = tita,
bt1b7t =ty btob™t =ttt
btab™t =tz 1t btab~ ! = ty4,
ctre”t = tqta, ctoc™l =51
ctae™t = taty, ctac™ =t}
21. { t1,t2,b,u | w?=1, b,u] =1
[tl,u] =1, [t2,u]:1,
biltlb = to, [tl,tz] =1,
bt =, b tob =t u }
22. { t,u,v ut=1, v? =1,
[u,v] =1, t~ ut = uv,

t~ 1ot = u?v}

23. { t1,t2,b,u | w?=1, b,u] =1
[t17u]:1, [tz,u]:].,
biltlb = to, [t17t2] =1,

bt = u, b b =171}
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24. { t17t2,b,c7u

25. { t,u,v

26. { t,a,u

27. { t,u,v

28. { t1,ta2,t3,ta,a,b,c,d

29. { t1,t2,t3,t4,0a,b,c

30. { t1,t2,t3,ta,0,b,c,d
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u2 = 1, bt1b71 = tQ

[t1,u] =1, [tz2,u] =1,

[byu] =1, [e,u] =1,

02:t1, Ctlcilztl,

bt = u, b~ le theb™? = tou,

btob™ ! = ifflu7 ctoc™ ! = t;lu }

| ut =1, v =1,
[u,v] = u?, t™lut = wu,
t~ ot = wv}

| ut =1, a ta =t 1,
tilut:u, a*lua:u7
a?=1}
ut = 1, v? = u2,
[u, v] = u?, t~lut = u,

t~ ot = wv}

{t ,tz] = [tl,tg] = [tl,t4] = [t2,t3] = [t2,t4] = [tg,t4] =1,

a” b tabat = t7 ety 2t Y,

b2 = tata,
d? = tqty,
a e taca ™ = t1t52t;2t4

—1

b~ le the =1,
cld tedb™ = 17y Mgt
at2a71 = t4,
at4a71 =11,

a 'd lada"?b e = t;ltgl,
b~ ld tbd = t1ts,

at1a71 = t3,

at3a71 = t;l,

bt bt =t btob™t =t
btsb™ ! = tg, btab™t = ty,
Ct1071 = ta, Ct2671 =11,
ct3c71 = t4, ct4071 =t3,
dt1d~' =tq, dtod™t =t5 "
dt3d71 =ts3, dt4d71 =14 }

t1,ta] = [t1,t3] = [t1,ta] = [t2, t3] = [t2, ta] = [t3,ta] = 1,

at =1, bt = 1243,
ct = titoty, a b lab=t5 ",
a tetacaTh 2 = t;ltll, b~ tetbea3 = t;lt:;ztlz,

at2a71 = t1t3t4,
atsa”t = t3%t7 ",
btob~ ! = t3,

btab~ ! = titoty M4,
Ct2671 = t1t3t4,

ctac™t =t otz Mt )

atia”t =ty M3,
atsa”! = taty,
bt b~ =ty 't
btzb™! =t ¢,
Ct1671 = t1t4,
-1 _ —1
Ctgc —tltz s

ti,ta] = [t1,t3] = [t1,ta] = [t2, t3] = [t2, ta] = [t3,ta] = 1,

a8 = 1, b2 = t4,
=13, d? =t
a v labat = tltglt‘zl, a te taca b = t;ltgtgm

-1 _—1 —1,—-1,—-1,-—2
b™ cTbe =1ty ty tz ty 7,
c 7 tedb™ = t3,
atga™t =3t
atia™t = t3tq,
btob™t =ty 't Y,
bt4b71 = ta,
ctoc™l = tyt3 7,
ctae™t = 4777,
dtod™' = ¢35t "
dtad™ ' =t4 }

a td tada %"t = tltgz,
b~ 'd tbd =1,

atra”t =ty 3 et

atza”t =t7 Mzt t,

bt1b71 =t1,

btsb~t =t3 ;T

Ct1671 = tl,

ctze™t = tit5 ",

dt1d71 =11,

dtsd™ ! = tg,

)



31. { t1,t2,t3,t4,0a,b,c

32. { t1,t2,t3,ta,a,b

33. { t1,t2,t3,ts,a,b

34. { t1,t2,t3,ts,a,b,c

35. { t1,t2,t3,ta,a,b,¢,d

36. { t1,t2,b,u

37. { t17t2,b,c7u
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[t817t2] = [t1,t3] = [t1,ta] = [t2,t3] = [t2, ta] = [t3,t4] =1,

a® =1,
2 _ 42
c® =t3,

a e taca % = tltglt;thl

atra™t =ty ez et
atza™t =7 ez et
bt1b71 =1,

btsb™t =3t
ctic™! = otz
ctze™! = t7 o,

2

b* = ty4,

a b labat = to,

b le lheat = titats,

ataa”t =tz 0,
atsa = t3ta,
btob™t =ttt
bt4b71 = t4,
Ct207 = t2

[ [t1ste] = [ta, ts] = [t1, ta] = [t2, t3] = [t2, ta] = [t3,ta] = 1,

a® = 1,

a b taba® = tgt;l,
atra”t =ty 3 g0,
atsa™t =ttt
bt1b71 = t1ta,
btsb~™' =t !,

b2 =1,

atoa”t =tz 0,
-1 2
atya = t5ta,
btab~ ! = tfl,
btab~t =t}
4 =l

[ [t1,t2] = [t ts] = [t1, ta] = [t2, ts] = [t2, ta] = [t3, ta] =1,

a® = 1,
a b laba? = ts,
atia” ! = ty o,

at3a71 = tz,
bt1b71 = ta,
bz~ =t

b’ =1,

at2a71 =1,
at4a71 = t3,
bt2b71 =t1,
btab~t =t3" }

[t1,t2] = [t1,t3] = [t1,ta] = [t2, t3] = [t2,ta] = [t3,ta] = 1,

at = 1,
04 = t1t2t4,

—-1,,—1 —2p -2 _ -1, ,—2,-1
a” "¢ “aca” “b =ty tatz “ty ",

atia™t =ty '3,
atza”t = taty,
bt b~ =ty '3,
btzb™! =t ¢,
Ct1671 = t1t4,
-1 __ —1
Ctgc —tltz 5

1 2,2
bt = 32, .
a b tab = tity
b~ le thea™? = t;ltll,
1

ataa™ " = titsta,
atsa”t =t3%t7 ",
btab™ ! = t3,

btab~ ! = titoty M4,
Ct2671 = t1t3t4,
ctac™t = t7 otz Mt )

ti,ta] = [t1,t3] = [t1, ta] = [t2, t3] = [t2, ta] = [t3,ta] = 1,
a® = 1, b? = ta,
? =12, d® =ty

ctze™t =tit5 1,
dt1d™t = tq,
dt3d71 =ts3,
| w?=1,
[t1,u] =1,
b b = to,
bt =1,
| uw? =1,
[thu] = 1,
[b7u] =1,
c? =11,
bt =1,

btab™t =t tu,

a " te taca 4T = t;thltgt
b e oe =ty Mty Tty Ty 2,

c a7 edb™ = t3,

ataa™t =300,

atsa™! = t3ta,
btob™t =ty 1t 1,
btab™t = ty,
ctoc™ = t1t3 7,
ctac™t = 7%,
dtad™t =ttt
dt4d71 = t4}
[byu] =1
[t2,u] =1,
[t1,t2] = u,

b= tab=1t7"}

bt b = t2

[tz,u] = 1,

[e,u] =1,

Ct1671 =t1,

b~ le theb™? = tou,
ctoc™t = t5 u }

—1
4
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38. { t17t2,b,c7u

39. { t,a,u,v

40. { t1,t2,t3,ta,0a,b,c,d

41. { t1,t2,t3,ta,a,b,c

M. F. NEWMAN AND E. A. O’'BRIEN

u? = 1,

[ti,u] =1,
[b,u] =1,

02 = tl,

bt = u,
btob™! =t

u2:1,

1
a® = 1, b2 = tata,
? = s d? = ta,
a b labat = ty 1t§1t4 a e taca 4 = tltgltgltgl
a td tada"2b "t —til, b~ le e =1,
b= 'd"'bd =1, cld " tedb™t = 137,
at1a71 = t3, at2a71 = t4,
atsa 1= t;l, atga”! = t1,
btib~ L =7t btab~t =t; 1,
bt3b71 = t3, btyb~ ! = ta,
Ct1071 = ta, Ct2671 =11,
ct3c71 = t4, ct4071 =t3,
dt1d~' =tq, dtod™ ' =t5 1t
dt3d71 =ts3, dt4d71 =14 }

a® = 1,

? = ta,

a tetaca O =5t 1t4 1,
atra™t =ty ez et

atza™t =ttty et

bt1b71 =1,

btagb™t =tz 1t

ctic™! = tatz

ctze™t =] o,

btib™! =ty

[tz2,u] =1,

[e,u] =1,

Ct1071 = tl,

b~ le theb™? = tou,
ctae™t =51}

v? = 1,
a " Yta = tilu,
a tva = v,

t~ ot = u,

a b labat = to,

bilcilbcaii:fltgtzl,
_1 1,

atsa =t5t

atsa™! = t§t4,4 )

btob™t =ttt

btyb™ ! = ty,

Ct2071 = tz,

ctac™t =527 }

42. The pro-2-group for this family has point group Q1. See discussion in Section 2.

43. { t1,t2,t3,ta,a,b

44. { t17t2,b,c7u

45. { t17t2,b,u

[t§7t2] = [t1,t3] = [t1,ta] = [t2,t3] = [t27t4]2: [ta, ta] =1,

a = 1, b = t4,

a”" b taba® = tfltgtgl,

at1a71 = t4, at2a71 = t;l,
at3a71 =t1, at4a71 = to,
bt b~ =t btab~t =t
btsb™ ! =1t5", btab™! =ty }
u? =1, bt1b™ ! =ty
[t1,u] =1, [tz2,u] =1,
[b,u] =1, [e,u] =1,
02:t1, Ctlcilztl,
bt =1, bl heb™2 = ty,

btob™! = t7 1w,

u? =1,
[t17u] = 1,
biltlb:tQ,
bt = u,

ctac™t =t3'u }

[b,u] =1
[tz,u] = 1,
[t1,t2] = u,

bbb =t71 }

)



46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

CLASSIFYING 2-GROUPS BY COCLASS

{t1,t2,b,c,u | w® =1,

{t,a,u | ut =1,

{t,a,u | out =1,

{t,u | ut=1,

{ta,u | fwd =1,
{t,u | wu® =1,
{t,u | u® =1,
{ta,u | w'=1

{t,u,v | ut=1,

{t,a,u,v

{t1,t2,b,c,u | w® =1,

{t1,t2,b,u | w?=1,
[t17u] = 1,
biltlb:tQ,
bt =1,

{t,u,v | w?=1,

{tau | (w,t]l =1,
2

{t,u,v | ut=1,

bt1b~ 1 =t

[t2,’u.] =1,

[e,u] =1,

Ct1071 = tl,

b=t heb ™2 = to,
ctae™t =51}

alta = 1571u7
a tua = u,

a"lta = tilu,
a tua = u,

t ot = v,
bt1b~ L =ty
[t2,u] =1,
[e,u] =1,

[b,u] =1
[tz,u] = 1,
[t1,t2] =1,
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61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

{t,u,v,w

{ t1,t2,b,c,u

{t1,t2,b,u

{t,a,uv

{t,u,v

{t,a,u,v

{t,u,v

{t,u,v

{t,au

{t,u,v

{t,auv

{t1,t2,a,b,c

{t,a,u

M. F. NEWMAN AND E. A. O’'BRIEN

u? = 1,

w? = 1,

[v,w] =1,
t~tut = u,
t~wt = vw }

u? = 1,
[thu] = 1,
[b7u] =1,
c? =11,

bt =1,
btab™t =t
u? =1,
[t17u] = 1,
b= lt1b = to,
bt =1,

u? = 1,
[u, v] = 1,

a tua = u,

tlut = u,
a>=1}

a?=u}
u4:1,
[u,v] =1,

ut = 1,
[u, v] = u?,
t~ ot = v}
ut=1
tilut:u,
a>=1}
ut = 1,
[u, v] = u?,
t~ vt = v}
u? =1,
[u,v] =1,
—1

v? = 1,

[u7 U] =1,

[ ,u] =1,
t~tot = v,
bt b7 = t2
[tz,u] = 1,
[c7u] =1,

Ct1671 =t1,

b e theb™? = to,

ctoc™l =51}

[byu] =1
[tz,u] = 1,
[t1,t2] =1,

bbb =t7" }

v? = 1,
a Yta = 1571u7
a tva = v,

t~ ot = v,

v? = 1,
a Yta = til,
a Tva=v

t~ ot = u,

b2 = a,

[b7 C] = a,
at2a71 =ty ",
btob™ ! =t
ctoc™t =151}

a Yta = til,
a” Tua =u,
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74. {t,a,u,v | uw? =1, v =1,

u,v] =1 a Yta=1t"1

s s
a “ua =wv, a lva:u,
tilut:u, tilvt:v,
a®>=1}

75. { t,a,u | ut =1, a Yta =t
t71111521L717 ailua:u,
a2 — ’LL2 }

76. { t,a,u,v | uw? =1, v =1,

u,v] =1 a Yta=1t""1

s s
ailua:u, a lva:v,
tilut:v, tilvt:u,
a® =uv }

77. {t,a,u | ut=1, a Yta =t 12,
tluif_u7 a lua =u 1,
a?=1}

78. { t,a,u | wt=1, a " tta =171,
t 1ut:u, ailua:ufl,
a>=1}

79. {t,a,u | ut=1, a Yta =t
tluiE:u7 a lua =u 1,
a2 — ’LL2 }

80. { t,u,v,w | uw? =1, v =1,
w® =1, [u,v] =1,
[v,w] =1, [w,u] =1,
Tut = u, t~lot = v,
Ttwt=w }

81. { t,a,u,v | w?=1, v? =1,

[u,v] =1, a Yta =¢"1,
a tu =u, ailva:v,
157111157u7 tilvt:v,
a> =1}

APPENDIX B. THE FAMILIES OF 2-GROUPS OF COCLASS AT MOST 3

We now summarise the descendant patterns for the 12 families of 2-groups of
coclass at most 2 and the conjectured patterns for the 70 families of 2-groups of
coclass 3. The summary tables follow the conventions introduced in Section 5. The
tables are taken to begin at the periodic root. A e at level 2"* indicates that the
(conjectured) period is k; otherwise it is the number of levels in the table. If the
shortest path in Fg between a terminal group G and a mainline group has length
t, then F¢ has a twig of length t. We record the (conjectured) largest twig length
for each family.

Order | Structure
o+l 2/1
TABLE 0. Family #0 with periodic root order 2! & twig length 1

Order | Structure
9T 21
TABLE 1. Family #1 with periodic root order 2% & twig length 1
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TABLE 2.

TABLE 3.

TABLE 4.

TABLE 5.

TABLE 6.

TABLE 7.

TABLE 8.

TABLE 9.

TABLE 10.

M. F. NEWMAN AND E. A. O’'BRIEN

Order | Structure
2n+1 3/1
Family #2 with periodic root order 23 & twig length 1

Order | Structure
antl 192/2 °
2n+2 1

Family #3 with periodic root order 2° & twig length 2

Order | Structure
2ntl 12/2 °
2nt2 1 1/1
2n+3 1

Family #4 with periodic root order 27 & twig length 3

Order | Structure
2ntl 12/2 °
on+2 1

Family #5 with periodic root order 27 & twig length 2

Order | Structure
9T 3/1
Family #6 with periodic root order 2° & twig length 1

Order | Structure
2n+1 4/2
2nt2 18/1 4
Family #7 with periodic root order 2% & twig length 2

Order | Structure
2ntl 16/2
2nt2 16/2 4] e
2n+3 3

Family #8 with periodic root order 26 & twig length 2

Order | Structure
ontl 6/1
Family #9 with periodic root order 2° & twig length 1

Order | Structure
o+l 4/1
Family #10 with periodic root order 27 & twig length 1
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Order Structure
2nt1 | 24/1
2n+2 [ 8/4
2nt3 | 16/8|16/8| 4/2| 4/2
ontd124/12| 8/4| 8/4(16/8| 12/6| 12/6| 12/6| 12/6|16/8|12/6|8/4|8/4
12/6 | 12/6 | 24/12|12/6 | 32/16 | 32/16 | 32/16 | 32/16 | e
2n+5 16 16 16 16| 24/1 16 16 24 24 16| 16| 32
32 32 32 32 32 32 32 16 16 16| 16| 32
16| 32 16| 32 32 24 24 24| 24| 32| 32| 24
24/1| 24 24| 32 32 24 24 24| 24| 32| 32| 24
24| 24 24| 16 16 16 16 32| 16[32/1] 16| 32
32 24 24 24| 24/1 32 32 32 32 32| 32| 32
32 32 32 24 24 24 24 32 32 24| 24| 24
24| 16 16| 16 16 24 24 16| 16| 24| 24| 16
16| 32 32| 24 24 24 24 32| 32| 32| 32| 32
32 32 32 32 32 32 32 32 32 32| 32| 32
32 32 32 32 32 32 32 32 32 32| 32| 32
32 32 32 32 32 32 32 32 32 32| 32| 32
32 32 32 32 32 32 32 32 32 32| 32| 32
32 32 32 32 32 32 32 32 32 32| 32
on+6 8 8 8 8
TABLE 11. Family #11 with periodic root order 2'4 & twig length 5
Order Structure
2ntl 112/4
2"+2 118/6] 9/3[18/6(9/3
o3 121 12(18/6| 12]18|12|24|18|18|12|12|18|12|18|12(24|18]|18
2nt 1 6/2 6 6| 6| 4] 4| e
2n+5 6/2
2nt6 112/4112/4
T 24| 24| 24| 24(24|24(24|24

TABLE 12. Family #12 with periodic root order 2! & twig length 3

Order Structure

271 120/8

2"T2110/4|10/4|10/4|10/4| 4] 4] 4] 4

2n¥3120/8]12/4] 121 8] 8] 12| 8] 12| 12| 8|12[12| 8]12]8]12

2nTe 4] 4] 4] 4|10/4]|10/4]|10/4]10/4]10/4]10/4] 6] 6]

2"t 12| 8l12/4| 6] 6] 10| 10| 12| 20| 8[12[10[10] 6[6|16
16] 12| 12| 16| 16| 12| 12

2nto 6] 6| 6/2| 6/2

2" 24| 24| 24| 24

TABLE 13. Family #13 with periodic root order 2'? & twig length 4
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Order Structure
2"t 112/6
ont2 4] 4[12/6[8/4]12/6(8/4]|
ont3 3] 3 6| 6| 8/4[8/4| 6| 6|6/3[6/3]12/6(6/3]|6/3|8]4]|12/6
12/6| 4 6
onTe 4] 4 8| 4 4] 4| 8| 4] 8] 6 6] 8] 6[6[4 4
12/68/4]12/6[8/4| 8/4| 6| 6[8/4] 6] 6 4 4| 4lal4] 4
4] 4 e 8| 8
2nTe 4] 4 8| 8 4| 8] 8| 8] 6] 4 3] 3] 6[6]4 8
6] 6 6] 6| 16| 16]16] 16] 16| 16] 16] 16

TABLE 14. Family #14 with periodic root order 2'° & twig length 4

Order Structure
2"t 472
2"t g/4] 8/4
2"t3 116/8| 8/4|8/4(8/4(8/4]8/4|16/8]8/4
2"t 16/2(16/2| 8] 8| 16] 16 8| 8li16|16/2]16]16]|16|16]16]16
16| 16| 16| 16| 16| 16| 16| 16]16| 16|16]16]| 8| 8|16|16
8 8| 16| 16| 16| 16| 16| 16| e
one 4 4l4/2] 4| 4
onTe 8 8

TABLE 15. Family #15 with periodic root order 2! & twig length 4

Order Structure
n Tl 4/2
"2l 8/4] 8
2% 116/8]16/8(16(16
2"t 16| 16[16]16|16/1|16/1|16/1]16/1]16]|16|16]16]16/1|16/1]16/1]|16/1|e
2mFS 4| 472| 4] 4] 4] 4] 4
onTe 8] 8

TABLE 16. Family #16 with periodic root order 2! & twig length 4

Order Structure

2"t 112/6

ont2 6 6]6/3 688

ont3 4(4/2]4/2

2"t 1 12/6 8 8112/6 | o

2nTs 16 | 16 | 12 g8[8[8[8[8]16] 16

TABLE 17. Family #17 with periodic root order 2'° & twig length 4

Order Structure
2ntl 112/1

2n+2 8/4| e
on+3 612]6

TABLE 18. Family #18 with periodic root order 28 & twig length 2
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Order Structure
97 T [ 4/2
22 [ 4/2 ] 6/4
T8 | 2| 2(4/2|4/2 472 |4/2
T (G/4 | 4/2[6/2 [4/2] 2| 1| 1]2]
o5 (47242 [4/2| 2| 2(4/2]4/2]2] 2
T (42 2/1] 2| 1] 1| 2| 4[4]2/1|2/1
T (42| 4/2| 4| 4] 4

2 [ 6| 4]2/1|4/2
2n+9 4 4 4
TABLE 19. Family #19 with periodic root order 2° & twig length 6

Order Structure
2ntl 18/4
272 16/2 ] 6/2 6 6
2nt3 1 6/2 3 413/1
6
2

271 [ 6/2 | 6/2
2775 572 4/2 | 5/
2n+6 4 4 6 6|88
TABLE 20. Family #20 with periodic root order 22 & twig length 4

Order Structure
2n+1 6/4
2nt2 1 6/4 413/1
an+3 416/2 414
onta 4 2
TABLE 21. Family #21 with periodic root order 27 & twig length 3

[\
L]

Order | Structure
gl /1
TABLE 22. Family #22 with periodic root order 27 & twig length 1

Order Structure
antl 1 5/2
2nt2 [ 5/2 | 5/2 )
2n T3 1 4/115/1]4/1
2ntd 1571 4 2
2n+5 4
TABLE 23. Family #23 with periodic root order 27 & twig length 4
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Order | Structure
2n+1 4/2
2"T2 16/2 3] e
2n+3 4/2
ontit 314

TABLE 24. Family #24 with periodic root order 27 & twig length 3

Order | Structure
onFl 4/1
TABLE 25. Family #25 with periodic root order 27 & twig length 1

Order | Structure
27t 16/2 .
o2 3
TABLE 26. Family #26 with periodic root order 27 & twig length 2

Order | Structure
o+l 2/1
TABLE 27. Family #27 with periodic root order 26 & twig length 1

Order Structure
on+l 4/1
2n+2 8/2

2nt3 116/4 16
2nt4 116/4 | 16/4 | 16 | 16 .
DI 4/1 4| 414/1(14/1|4 |4
ont6 8/2 81 8
on+7 8 8
TABLE 28. Family #28 with periodic root order 2% & twig length 4

Order Structure
27t 116/2
2nt2 1 12/4 | 12/4
onts 12 24 24 112 124/1 (12|12 |24
antd 112/4 .
onts 8 8116/2
2nt6 1 12/4 | 12/4
ntT 12 24 24 112 124/1 (12|12 | 24
on+8 12
TABLE 29. Family #29 with periodic root order 22 & twig length 5
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Order Structure
9 T [ 12/2
272 [16/2 | 16/2
978 [12/2 | 12/2 | 12/2 | 12/2
on+it 24/4 24 24 24124124 (2424 | e
75 | 6/1| 12| 6
270 16,2
o+ 12 12
TABLE 30. Family #30 with periodic root order 2!! & twig length 4

Order Structure
27T [ 16/4
o7 7 [32/2[32/2] 8| 8
2773 | 16| 16| 16/4 | 16/4
o T [ 8| 8|32/2(32/2| 8| 8|16/1|16/1 e
2775 [16/4| 8| 8| 16]16/4
o776 [32/232/2| 8| S| 16]16| 32| 32
97 [16/4 | 16/4| 16| 16
on+8 32 32 8 8 16 | 16 8 8
TABLE 31. Family #31 with periodic root order 2'' & twig length 5

Order Structure
2" T (242
9T [12/2 [12/2] o
o7 F3 [24/1| 24|24
27 | 8/1
2nFo 16
TABLE 32. Family #32 with periodic root order 219 & twig length 4

Order Structure
2ntl 116/2
ont2 8/418/4 | e
o3 8/1| 16 |8 |16/2|8|8/1] 16
ontd 4 4141 4/2
on+5 8 8
TABLE 33. Family #33 with periodic root order 2'° & twig length 4
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Order Structure

ontl 8/1

an+2 8/8

n+3 8] 16] 8| 4] 8|4 16/2

on+d 8/8 4 .

on+o 4 4(8/1(8/1[8/1 4

2n+0 8/818/8|8/8

on T 8| 16 8 4 814 16 8116 |8
16/2 8 4 8 814 16 16| 8|4

2n+8 4 4

TABLE 34. Family #34 with periodic root order 2'? & twig length 5

Order Structure

2ntl 18/4

2nt2 18/1(8/1(8/1] 8/1

2nt3 18/4[8/4|8/4| 8/4

ot 8| 16 8116/8 8116|816 8116 16 (8(16|8
2n+o 4 4 4 214/21 4|2

2nt6 18/1[8/1

o+ 8 8

TABLE 35. Family #35 with periodic root order 2! & twig length 4

Order Structure
2ntl 112/3

2nt2 112/3] 8|8 e
2nF3 16 | 12

TABLE 36. Family #36 with periodic root order 2% & twig length 2

Order | Structure
27t 116/1
on+2 8/2| e
2n+3 16

TABLE 37. Family #37 with periodic root order 28 & twig length 2

Order | Structure
antl 14/2
2nF2 18/2 14 e
2n+3 4/2

on+d 418

TABLE 38. Family #38 with periodic root order 27 & twig length 3
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Order | Structure

2n+1

8/1

TABLE 39. Family #39 with periodic root order 27 & twig length 1

TABLE 40. Family #40 with periodic root order 22 & twig length 5

Order Structure

2ntl 18/4

2nt2 [ 4/4 | 4/4 414

23 14/2 414/214(14]4/2 4|4/2
2n 1 1 4/2 4 4144 414/2 41 e
2nFo 8 8 8

Order Structure

antl 112/4

on+2 8| 8/2| 8/2 8

2nt3 [ 12/4 [ 12/4| 8/218/2

on+i 8/2 8 8(8/2| 4 4 414(8(8(8/2]8
2nt5 [12/4 1 12/4 [ 12/4] 16| 16

2n+o 8 8 8 8| 818/2(8/2|8|8]8 818
o+ 12 12 8 8

TABLE 41. Family

#41 with periodic root order 2'? & twig length 5

Order Structure
27t 19/4
272 16/216(6|6/2|e
273 19/21919
ot 414
TABLE 42. Family #42 with periodic root order 2'° & twig length 3
Order Structure
2ntl 16/4
an+2 414/4|4/4 41 e
2nt3 13/2 6 316/4(13[3/2|6
antd 2 2 2 2|2 2122
TABLE 43. Family #43 with periodic root order 22 & twig length 4
Order | Structure
2ntt 16/2
on+2 414/2 | e
an+3 6
TABLE 44. Family #44 with periodic root order 2% & twig length 2
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TABLE 45.

TABLE 46.

TABLE 47.

TABLE 48.

TABLE 49.

TABLE 50.

TABLE 51.

TABLE 52.

M. F. NEWMAN AND E. A. O’BRIEN

Order | Structure
57 T 6/2
52 6/2 | 4/1 | e
57 3 [ 6/2 | 6/1
5" T [ 4/116/18
2nFo 6 8
Family #45 with periodic root order 28 & twig length 4

Order | Structure
2n+1 2/2
2nt2 1 4/4 |2 °
an+3 2121(2/2
P 212
Family #46 with periodic root order 27 & twig length 3

Order | Structure
o+l 6/1
Family #47 with periodic root order 27 & twig length 1

Order | Structure
2ntl 13/2 .
2n+2 2
Family #48 with periodic root order 26 & twig length 2

Order | Structure
ontl 2/1
Family #49 with periodic root order 2° & twig length 1

Order | Structure
oantl 13/2 °
on+2 1

Family #50 with periodic root order 2° & twig length 2

Order | Structure
ontl 2/1
Family #51 with periodic root order 27 & twig length 1

Order | Structure
ontl 2/1
Family #52 with periodic root order 27 & twig length 1




TABLE 53.

TABLE 54.

TABLE 55.

TABLE 56.

TABLE 57.

TABLE 58.

TABLE 59.

TABLE 60.

CLASSIFYING 2-GROUPS BY COCLASS

Order | Structure
2"t 13/2 °
272 1 2/1
2n+3 1

Family #53 with periodic root order 27 & twig length 3

Order

Structure

2n+1

6/1

Family #54 with periodic root order 2° & twig length 1

Order

Structure

2n+1

10/1

Family #55 with periodic root order 26 & twig length 1

Order Structure
2ntl 116/4
ont2 418/11418

Family #56 with periodic root order 27 & twig length 2

Order Structure
2ntl 112/2

2nt2 11272 | 6/1
2nt3 112/2 4
2n+4 4 4

Family #57 with periodic root order 27 & twig length 3

Family #58

Family #59

with periodic root order 2¢ & twig length 1

with periodic root order 2* & twig length 1

Order | Structure

2n+1 3/1
Order | Structure
2n+1 6/1
Order | Structure
antl 14/2 .
2n+2 2

Family #60 with periodic root order 26 & twig length 2
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TABLE 61.

TABLE 62.

TABLE 63.

TABLE 64.

TABLE 65.

TABLE 66.

TABLE 67.

TABLE 68.

TABLE 69.

M. F. NEWMAN AND E. A. O’'BRIEN

Order

Structure

2n+1

7/

Family #61 with periodic root order 2° & twig length 1

Order Structure
2ntl 116/4
2nt2 1 24/1 |24 [ 12|12

Family #62 with periodic root order 27 & twig length 2

Order Structure
2"t 118/3

272 [18/3 |14 [ 16 | o
2n+3 12| 8

Family #63 with periodic root order 27 & twig length 2

Order

Structure

2n+1

13/1

Family #64 with pe

riodic root

order 28 & twig length 1

Order

Structure

2n+1

5/1

Family #65 with pe

riodic root

order 2° & twig length 1

Order | Structure
2ntl 16/2 °
2n+2 2

Family #66 with pe

riodic root

order 25 & twig length 2

Order | Structure
2ntl 13/2 .
2n+2 2

Family #67 with periodic root

order 2° & twig length 2

Order

Structure

2n+1

5/1

Family #68 with pe

riodic root

order 28 & twig length 1

Order | Structure
2ntl 18/2 .
2n+2 2

Family #69 with periodic root order 26 & twig length 2



TABLE 70.

TABLE 71.

TABLE 72.

TABLE 73.

TABLE 74.

TABLE 75.

TABLE 76.

TABLE 77.

TABLE 78.

CLASSIFYING 2-GROUPS BY COCLASS

Order

Structure

2n+1

2/1

Family #70 with periodic root

Family #71

Family #72

order 2° & twig length 1

order 28 & twig length 1

order 27 & twig length 2

Order | Structure
ontl 12/1
with periodic root
Order | Structure
2ntl 112/2
2nt2 120/1 | 16
with periodic root
Order | Structure
2n+1 9/1

Family #73 with periodic root

Family #74

order 28 & twig length 1

order 28 & twig length 1

Order | Structure
2n+1 9/1

with periodic root
Order | Structure
2ntl 16/2 °
2n+2 2

Family #75 with periodic root

order 2° & twig length 2

Order | Structure
2ntl 16/2 °
2n+2 2

Family #76 with periodic root

Family #77

order 2° & twig length 2

order 2° & twig length 1

Order | Structure
2n+1 6/1
with periodic root
Order | Structure
ontl 6/1

Family #78 with periodic root order 2° & twig length 1
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Order | Structure
2n+1 4/1
TABLE 79. Family #79 with periodic root order 2° & twig length 1

Order | Structure
o+l 4/1
TABLE 80. Family #80 with periodic root order 2° & twig length 1

Order | Structure
o T 10/1
TABLE 81. Family #81 with periodic root order 2° & twig length 1
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